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It is demonstrated that recovery of the electromagnetic energy of the fundamental mode at the output of an
acceleration structure leads to a significant efficiency enhancement. When using a single bunch, the number of
electrons accelerated is rather small. In fact, this number is virtually identical to the case when no feedback
loop is employed. To increase this number, in parallel with the efficiency enhancement associated with the
feedback loop, it is necessary to split the bunch into a train of microbunches—this last process leads to
suppression of high-order modes.
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I. INTRODUCTION

To a large extent, the fate of any future electron accelera-
tor will be determined by its efficiency. Typically this is only
a few percent; therefore, the natural question is whether it is
possible to significantly increase the overall efficiency of the
system. In principle, the answer is positive since concepts
similar to those employed in microwave vacuum tubes may
be applied to accelerators. To envision an existing implemen-
tation consider a beam of electrons generated on a cathode to
which a negative potential is applied, say −400 kV. If in the
(grounded) interaction region, 20% of the kinetic energy is
converted into microwave radiation, then, in principle, ap-
plying a negative potential of −320 kV on the collector, may
lead to an overall efficiency approaching the 100% level.
This is the so-calleddepressed collectormethod and it was
applied in the past to traveling wave tubes and klystrons and
more recently to free electron lasers and gyrotrons[1].

Conceptually, a similar method may be applied to “short”
accelerators although its implementation is quite different,
since clearly the decelerating potentials are not available. In
1965 Tigner[2] suggested decelerating the accelerated bunch
by reinjecting it into a periodic structure, thus forcing it to
generate radiation and use the latter in order to accelerate a
different bunch of electrons. In other words, energy isindi-
rectly “recycled” after being recovered from electrons that
are eventually dumped. A recent experiment at Jefferson
Labs demonstrated an energy recovery efficiency of 75%
[3,4], making the energy recovery linac(ERL) a leading can-
didate for a new generation of high-brilliance x-ray sources
[3–6].

Three main ERL configurations for x-ray generation are
being currently considered in the United States: one is a col-
laboration of Cornell University and Jefferson Labs[7], a
second one is at BNL[8], and a third is at LBL[9]. In the
long run the Cornell ERL is planned to deliver a 7 GeV
beam with 100 mA of current but as a proof of principle a
down-scaled system 100 MeV–100 mA is being explored at
this stage. The proposed BNL system aims at less than half
the energy s3 GeVd but somewhat higher current
s100–200 mAd, whereas the LBL intends to focus on very
short pulses(femtosecond scale) at energies comparable to
the BNL machines2.4 GeVd. Each one of these sets of pa-

rameters emphasizes the importance of the energy recovery
concept. Taking as a figure of merit the Cornell group long
term plan, the 7 GeV–100 mA beam entails 700 MW of
power which without an energy recovery scheme is a pro-
hibitively high average power.

Another aspect that has a profound impact on the concept
presented here is the advantage associated with recent
progress in solid-state technology, indicating that this may
reach wall plug to light efficiencies of 30% in the relatively
near future. In order to envision the advantage of operating
in the optical regime, it is sufficient to extrapolate the scaling
law developed for microwave machines to the optical re-
gime: the gradient is proportional to the square root of the
power and inversely proportionally to the wavelengthG
~ÎP/l. Consequently, reducing the operating wavelength by
five orders of magnitude(from 10 cm to 1mm) implies a
reduction of power of ten orders of magnitude provided the
gradient is kept the same. As an example, let us consider
qualitatively the next linear collider(NLC) design: the an-
ticipated gradient isG.100 MV/m, the power injected(af-
ter compression) in a single acceleration module is of the
order ofP.250 MW, and roughly the operating wavelength
is l.3 cm; these parameters correspond to an interaction
impedanceZint.sGld2/P,36 kV. If for the sake of the
present discussion we assume thatZint remains the same
when the system is scaled to operate at 1mm with a gradient
of 1 GV/m then the necessary power is less than 30 W. In
practice, as we shall discuss in more detail in what follows,
the interaction impedance of an optical structure is three or-
ders of magnitude smaller and, as a result, the peak power is
by three orders of magnitude higher. Nevertheless, several
kilowatts of laser power are definitely within reach, making
the optical schemes particularly appealing. Although we
hinted at the resemblance between a microwave and an op-
tical acceleration structure, there is a profound difference
between the two as reflected in this study: at optical wave-
lengths, dielectrics sustain higher electric fields and therefore
future acceleration structures are anticipated to be made of
dielectrics.

It is our goal in this publication to demonstrate that the
recycling concept is not limited only to “small” machines but
may be implemented in a full optical collider bydirectly
recovering the electromagnetic energy within each accelera-
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tion module and obviously without dumping the electrons.
What makes this concept feasible is the fact that, rather than
accelerating a single bunch, in an optical linear collider one
macrobunchconsisting of many hundreds of microbunches is
being accelerated—each microbunch being one laser wave-
length sld apart from its neighbor. With a large number of
microbunches, thewakegenerated by the macrobunch is vir-
tually coherent with the laser field that accelerates the mi-
crobunches. Consequently, at the output of a given traveling
wave acceleration module, the two field components(laser
and wake) are practically inseparable and the total electro-
magnetic field may be extracted from the acceleration struc-
ture, amplified by an active medium, and reinjected into the
traveling wave acceleration module. Figure 1 illustrates the
paradigm schematically.

In order to evaluate the significance of this paradigm, let
us examine some figures of merit. Typical collider designs
s500 GeVd predict 8 MW of average beam power assuming
1014 electrons/sec. At a laser-acceleration efficiency of 8%,
as preliminary estimates indicate, the acceleration structure
will require about 0.1 GW of average laser power and as-
suming a wall plug to light efficiency of 30%, the total
amount of average power necessary is about 0.34 GW. In-
creasing the efficiency from 8% to 40% entails a reduction in
the average powerfrom 340 MW to less than 70 MW. Ac-
cording to preliminary estimates to be presented next, such
an increase, and more, is within reach. From the accelerating
gradient perspective we can look at two other systems: the
present Stanford linear collider(SLC) operates at roughly
20 MV/m gradient, while the next linear collider is proposed
to operate at 100 MV/m; thus for a 1 TeV final energy its
length should be about 10 km, whereas an optical collider
may reach this energy within 1 km since the typical acceler-
ating gradient anticipated is of the order of 1 GV/m.

As a first step in the current approach we examine the
efficiency when accelerating a single microbunch in a struc-
ture without feedback; the second step is to repeat this pro-
cedure in the case of multiple microbunches; and the third is
to reexamine the efficiency of accelerating a single mi-
crobunch in the presence of a feedback loop. In the last
stage, multiple microbunches and a feedback system are
combined for evaluating the efficiency of acceleration of the
electrons.

Throughout this study we shall employ anidealized model
in order to convey the essentials of the concept, including, in

particular, dielectric acceleration structures that have been
developed in recent years, e.g., photonic band gap[10] or
Bragg [11] structures. As already mentioned, this choice of
structure is dictated by inherent properties of materials since
in the optical regime dielectric materials sustain much higher
electromagnetic fields than do metals. Moreover, all the
bunches are assumed to be pointlike, ignoring both their geo-
metric size as well as the finite momentum spread in the
transverse and longitudinal directions.

II. SINGLE BUNCH AND NO FEEDBACK

In order to have a rough estimate[12] of what may be the
efficiency of an optical accelerator without a feedback sys-
tem when accelerating a single microbunch, let us assume
that the average laser power injected in the structure isPL
and the resulting gradient at the location of the electrons is
G0. By virtue of the linearity of the Maxwell equations, these
two quantities are related, defining the so-called interaction
impedanceZint;uG0lu2/PL characterizing any acceleration
structure operating at a frequency corresponding to a vacuum
wavelengthl. This laser pulse accelerates apoint chargesqd
so that as it moves in an arbitrary acceleration structure it
generates an electromagnetic wake. Associated with this
wake there is a decelerating electric fieldsEdecd which again,
by virtue of the linearity of Maxwell’s equations, must be
proportional to the charge, namely,Edec=kq where the value
of k depends on the details of the structure; it will be referred
to as thewake coefficient. By virtue of the fundamental load-
ing theorem, the amplitude of the trailing wake is twice this
value, namely,EW=2Edec=2kq.

In the case of a uniform dielectric medium filling the en-
tire space except a vacuum tunnel(see Fig. 2) of radiusR,
along which the point charge propagates, the wake coeffi-
cient is

k =
1

4p«0R
2 3 2. s2.1d

This result has been demonstrated analytically in Ref.[13]
and it can be demonstrated for a metallic wall waveguide

FIG. 1. Schematic configuration of a possible implementation of
direct electromagnetic energy recycling in an optical accelerator. A
macrobunch consisting of a few hundreds of microbunches gener-
ates a wake that is virtually coherent with the accelerating laser
field. The superposition of accelerating field and wake is amplified
in the active medium, providing the energy increment required to
maintain stable equilibrium.

FIG. 2. A point charge moving in a vacuum tunnel bored in a
dielectric material generatesČerenkov radiation. The emitted power
may be determined by using the reaction field, which decelerates
the particle.
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loaded with a dielectric layer and a vacuum tunnel in the
center(partially loaded dielectric waveguide). It is valid for a
Bragg concentric fiber[11,14] and it was concluded to be
true for any azimuthally symmetric dielectric structure hav-
ing its vacuum-dielectric discontinuity atR. Although these
structures are very different, from the perspective of an ul-
trarelativistic point charge propagating virtually atc, what
counts is only the vacuum-dielectric discontinuity since this
is the only discontinuity that generates a reflected wave that
may affect the point charge. Any reflection occurring further
away from the first discontinuity reaches the structure’s axis
only after the point charge has passed—thus it may affect
only trailing microbunches as will be discussed subsequently.

Consequently, the spatial behavior of thetotal electro-
magnetic power generated by such a point charge isP
.cqEdec independent of the transverse variations beyond the
vacuum-dielectric discontinuity. Obviously, the behavior of
the trailing field on axis is strongly dependent on the trans-
verse characteristics of the structure. For example, in the
case of a uniform structure, like the one illustrated in Fig. 2,
the spectrum is continuous[12], and the wake decays expo-
nentially in timestd and in spaceszd:

Ezsr = 0,t ; t − z/cd = qkf2e−t/t0hstdg, s2.2d

whereint0
−1;c« /RÎ«−1 . On the other hand, in the case of

a partially loaded dielectric waveguide the spectrum is dis-
crete[15]:

Ezsr = 0,t ; t − z/cd = qko
n=1

`

Wn cossvntdf2hstdg s2.3d

and the wake has an oscillatory character.Wn are weighting
functions that may be determined analytically and can be
shown to satisfyon=1

` Wn=1 with vn representing the discrete
spectrum of frequencies generated by this point charge;hsud
is the step function

hsud = 50, u , 0,

0.5, u = 0,

1, u . 0.

For example, in the idealized case of a dielectric loaded
waveguide of radiusRext and a bunch of radiusRb, disregard-
ing scattering processes, the relative weight of each mode is
given by

Wn ; F2J1spnRb/Rextd
pnJ1spnd G2

; s2.4d

pn are the zeros of the Bessel function of order zero and the
first kind fJ0spnd;0g. Obviously, the first mode in this rep-
resentation is the one designated to accelerate the electrons
having a phase velocityc, group velocitycbgr, and interac-
tion impedanceZint. These quantities are related to the wake
coefficient skd and, in particular, it is possible to establish
[16] the “projection” of the total deceleration on the funda-
mental mode(superscriptF) represented by

ksFd ; kW1 =
bgr

1 − bgr

Zint

Îm0/«0

p

4p«0l2 . s2.5d

In other words, this is the coefficient that, given the charge of
the bunch, determines the amplitude of the fundamental
mode generated by the bunchsEsFd=2ksFdqd.

In the absence of an accelerating gradientG0, the electron
bunch is decelerated along a distanced in the structure and
the loss of kinetic energy isDUkin=−q2kd. Consequently,
when the gradient is not zero, the net change in the kinetic
energy of the bunch traversing the same structure is given by
DUkin=qsG0−qkdd. As reference, the total electromagnetic
energy stored in the structure isUEM=PLtEM, wherein

tEM ;
d

c
S 1

bgr
− 1D; s2.6d

see Appendix A. This last expression takes into consideration
the requirement that the point charge and the electromagnetic
pulse ought tooverlapduring the time the latter spends in the
structure. Moreover, in the same Appendix it is illustrated
that it equals the delay between the front end of the laser
pulse and the point charge:

tD ;
d

c
S 1

bgr
− 1D s2.7d

resulting from the different propagation velocitiescbgr andc,
respectively. With these two energy definitions, the effi-
ciency of the acceleration process may be determined by

h ;
DUkin

UEM
= hmax

4qsq0 − qd
q0

2 , s2.8d

whereinq0=G0/k is the charge for which the effective gra-
dient vanishes, and the maximum value of the efficiency is

hmax;
ksFd

k
= W1 s2.9d

occurring forq=qopt;q0/2. As a typical example we con-
sider the parameters of a photonic band-gap structure as cal-
culated in Ref.[10]: Zint.20 V, bgr.0.6, andR.0.7 l;
according to these values themaximum efficiency is6%. As-
suming that the threshold for breakdown limits the power to
7 kW, the optimal number of electrons to be accelerated to
reach this efficiency is 63104. Evidently, considerations of
energy spread will lead to charges and efficiencies below
these optimum values.

Although this result relies on anidealizedmodel, it em-
phasizes the motivation behind the present study: in the ab-
sence of a feedback loop, more than 90% of the electromag-
netic energy is wasted; therefore, by “recycling” part of this
energy we may significantly improve the efficiency of an
optical system. Moreover, the analytic result in Eq.(2.9) re-
flects the fact that the efficiency is determined by the relative
projection of the wake on the fundamental modesW1d. This
quantity may be enhanced by splitting the bunch into a train
of microbunches each one separated by the wavelength of
the fundamental. One last comment in this context before we
proceed and determine the efficiency when the bunch is split
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into a train of microbunches: since throughout this study we
shall refer to the ratio of the projection of the wake emitted
power onto the fundamental represented byksFd and the
wake coefficientskd, we define the quantity

kr ;
ksFd

k
s2.10d

as therelative wake coefficient.

III. MULTIPLE MICROBUNCHES AND NO FEEDBACK

In order to illustrate the effect of splitting the macrobunch
into a train of microbunches, we examine first the power
generated by such a macrobunch and compare it to the power
generated by a single point charge—both carrying the same
amount of charge. According to Eq.(2.3) the latter is given
by P=qcEdec=q2ck, whereas splitting the point charge into
M pointlike microbunches entails

PsMd = q2cko
n=1

`

Wn
sinc2fpMvn/v1g
sinc2fpvn/v1g

; q2ckk̄, s3.1d

wherein sincsxd;sinsxd /x; see Appendix B.
Two conclusions may be immediately drawn from this

expression: first, the projection of the emitted power on the
fundamentalsn=1d is independentof the number of mi-
crobunchessMd or, explicitly, ksFd does not vary as a func-
tion of the number of microbunches. Second, the sinc func-
tion acts as a filter that suppresses the contribution of
virtually all the frequencies higher than the fundamental
sn.1d. Consequently, as expected, the relative weight of the
fundamental mode increases and the relative wake coeffi-
cient kr approaches unity, leading, according to Eq.(2.9), to
higher efficiency.

For the case of a dielectric loaded structure, the normal-
ized wake coefficientsk̄d as defined in Eq.(3.1) is illustrated
in Fig. 3 with the bunch radiussRbd as a parameter normal-
ized to the radiussRextd of the waveguide. Evidently it de-
creases rapidly from unity to an asymptotic value that de-
pends on the bunch size and on the structure’s

characteristics. Bearing in mind thatM affects only the non-
fundamental modes, then all the reduction ink̄ is reflected in
the ratio ksFd /k, which qualitatively was shown above to
represent the maximum efficiency developed in Eq.(2.9).
Sincek̄ was shown(Fig. 3) to drop by a factor of almost 5
correspondingly, the efficiency may be expected to increase
by a factor of 5.

While Eq. (2.9) which has been developed for asingle
bunch reveals a general trend, it does not reflect adequately
the nature of the interaction between a train of microbunches
and the waves in an acceleration structure. There are two
major differences that ought to be accounted for. First, for
full overlap of the macrobunch with the electromagnetic
pulse, the latter’s duration must be

tEM =
d

Vgr
+

sM − 1dl − d

c
. s3.2d

Second, contrary to the previous section, the accelerating
gradient is nonuniform since it must compensate for the
beam loading effect in order to ensureuniform acceleration
of all microbunches. This loading is qualitatively illustrated
in Fig. 4 which shows theenvelopeof the projection of the
wake on the fundamental mode for the three possible cases,
namely, the pulse length is shorter than, longer than, or equal
to that of the structure. Explicitly, this envelope

1

M
o
m=1

M HhFt −
z

c
− sm− 1dTG − hFt −

z

c
− sm− 1dT −

d

V
GJ
s3.3d

reveals the fact that the time it takes a microbunch to traverse
the structure isd/V. SinceM @1 in all three cases, theen-
velopeincreases linearly until it reaches its maximum value.
If the macrobunch is shorter than the structure, the peak
value of the envelope is reached within the structure’s do-
main and it remains at that value, until the first microbunch
leaves the structure—at that time the envelope starts to de-
crease linearly. If the pulse length exactly equals that of the
structure, the envelope has a triangular shape since as the last

FIG. 3. Normalized wake coefficientsk̄d as a function of the
number of microbunchessMd.

FIG. 4. The normalized envelope of the wake for the three pos-
sible cases, namely, the pulse length is longer than, shorter than, or
equal to that of the structure. IfMl=d the pulse shape is triangular;
otherwise, it is trapezoidal.
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microbunch enters the structure the first one leaves. In the
third case, when the macrobunch is longer than the structure,
the peak value of the envelope is smaller than in the previous
two cases, since a fraction of the microbunch is outside the
structure.

In order to realize the difficulty associated with these pro-
files, one should bear in mind that either one of these enve-
lopes propagates in the structure atV.c:

EWst ; t − z/Vd = 2ksFd q

M
o
m=1

M

cosH2pc

l
Ft − tD

−
l

c
sm− 1dGJPFt − tD −

l

c
sm− 1d,

d

V
G

s3.4d

wherein the pulse functionPst ,Td=hstd−hst−Td represents
an idealized envelope of the wake generated by a single mi-
crobunch. For comparison, any radiation pulse injected from
outside propagates in the structure atcbgr. Such a pulse con-
sists of two contributions: one that accelerates all the mi-
crobunches uniformly and the second designed to cancel the
effect of the wake generated by the microbunches on their
trailing counterparts—this last component will be referred to
as the compensating fieldfECst ,zdg—or explicitly

Gst,zd = G0 cosF2p
c

l
St −

z

c
DGPSt −

z

Vgr
,tEMD + ECst,zd;

s3.5d

tEM is defined in Eq.(3.2).
Our focus moves now toward determining the explicit

functional form for this compensating field. For this purpose
let us examine the variations in the kinetic energy lost by
microbunches traversing the structure subject to their own
wake [Eq. (3.4)] and ignoring transition radiation or reflec-
tions as well as the accelerating gradient. Bearing in mind
that the trajectory of the microbunches may be approximated
by

zistd = cst − tDd − si − 1dl s3.6d

wherein i =1,2, . . . ,M, the energy gained by theith mi-
crobunch is

Ui . E
tD+si−1dT

tD+si−1dT+d/c

dtc
q

MHs− 2qksFdd
1

M

3o
m=1

M

hFt −
zistd

c
− tD − sm− 1d

l

c
GJ

= − cS q

M
Ds2qksFddSd

c
DF 1

M
o
m=1

M

hsi − mdG
= − S q

M
Ds2qksFdddF 1

M
Si − 1 +

1

2
DG . s3.7d

This linear dependence of the kinetic energy gain on the
location of the microbunch represented by the indexi hints at
the functional behavior of the compensating field. Including

the overall accelerating field and imposing the condition that
the overallUi ought to bei independent, we found that the
envelope of the accelerating field needs to vary linearly, i.e.,

Gst,zd . Fa + b
1

MT
St −

z

Vgr
DGcosF2p

c

l
St −

z

c
DG

3PSt −
z

cbgr
,tEMD . s3.8d

Explicitly, the amplitudesa and b are determined from the
condition

q

M
cE

tD+si−1dl

tD+si−1dl+d/c

hG„t,zistd… − Ew„t,zistd…j =
q

M
dsG0 − kqd

s3.9d

where the right hand side was chosen such that the net ki-
netic energy gain of the macrobunch will be identical to the
case in the previous subsection; consequently,

a = G0 − kq + ksFdqS 1

M
−

1

bgr
+ 1D , s3.10d

b = 2ksFdq.

This result reflects the fact that to overcome the difficulty
associated with different propagating velocities of the two
envelopes we have compromised on part of the constraints of
the compensating field and injected an electromagnetic field.
This has a phase velocityc but itsgroup velocityis cbgr, and
it has a trapezoidal shape with anidentical slopeto that of
the wake. Moreover, because of the difference between the
velocities of the electromagnetic pulse and macrobunch, an
additional condition has been imposed, namely, the mac-
robunch must beequalto the length of the acceleration struc-
ture sMl=dd; otherwise, since the shape of the wake is trap-
ezoidal, the gradient pulse cannot be “tailored” in a simple
way such that all the microbunches gain the same amount of
kinetic energy. Figure 5 illustrates the amplitude of the gra-
dient at theinput for three casesVgr=0.4c,0.5c0.6c and a
loading factora=ksFdq/G0.0.2.

The electromagnetic energy injected into the system may
be readily calculated based on Eq.(3.8) and, with it, the
efficiency in this case is given by

h ;
DUkin

UEM

=
f12s1 − bgrdkrgqsq0 − qd

3fq0 − q + qkrs1/M + 1dg2 + fqkr/bgrg2

. 12s1 − bgrdbgr
2 qsq0 − qd

q2 + 3q0
2bgr

2 . s3.11d

In the last step we assumed a large number of microbunches
sM @1d implying that most of the energy generated is in the
fundamentalskr ,1d. Subject to this condition the optimal
charge is
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qopt . 3q0bgr
2 FÎ1 +

1

3bgr
2 − 1G ; q0j s3.12d

and the maximum efficiency is

hmax. 12s1 − bgrdbgr
2 js1 − jd

j2 + 3bgr
2 , s3.13d

both being illustrated in Fig. 6. Several facts are evident.(i)
Maximum efficiency occurs forqopt,q0/2. (ii ) Maximum
efficiency depends on the group velocity, reaching an upper
limit of 45% whenbgr.0.3. (iii ) From the explicit expres-
sion for the optimal charge to be accelerated in order to get
maximum efficiencysqopt.0.3q0d we may mistakenly con-
clude that the charge to be accelerated is similar to the case
described in Sec. II. This is not necessarily the case since
q0;G0/k and for a given gradient the maximum amount of
charge that can be accelerated is inversely proportional to the
wake coefficientk. But it was clearly revealed in Fig. 3 that
this quantity may be reduced quite significantly by splitting
the bunch into a train of microbunches—ksFd remaining un-
changed. Therefore, we should be able to enhance to some
extent the efficiency and, in parallel, it is possible to increase
the amount of charge accelerated.

IV. SINGLE BUNCH AND FEEDBACK

The last result is encouraging since it demonstrates that,
by using a train of bunches accelerated by a tapered laser

pulse, the maximum efficiency reaches the 50% level. To
approach this efficiency level, the relative change of the am-
plitude is comparable to the efficiency, imposing a significant
constraint on the optical system. In practice, the taper is ex-
pected to be moderate, implying low efficiency and low
charge, and consequently it will be necessary to combine the
“train of bunches” concept with the “feedback.” However,
before doing so let us examine the feedback concept decou-
pled from the train of microbunches.

It was shown in Sec. II that the number of electrons that
can be accelerated in a single macrobunch is of the order of
105; consequently, a repetition rate of about 1 GHz will be
necessary for obtaining the desired flux of events at the in-
teraction point(IP), namely,,1014 electrons/sec. It is there-
fore natural to build a feedback loop with an overall period
which equals that of the macrobunches. Further support of
this conclusion stems from examining the energy balance in
the first subsection. It was systematically shown that only a
small fraction(6%) of the electromagnetic energy is actually
converted into kinetic energy; therefore, in principle, the re-
maining energy may be fed back into the system. In practice,
it is necessary to add the energy for maintaining a constant
gradient during each cycle as well as for global phase con-
trol.

A schematic of an acceleration module with a feedback
loop is illustrated in Fig. 7. At itsinput, two contributions to
the longitudinal electric field are assumed: that of an external
laser pulse coupled into the acceleration structuresELd and
that of the feedback loopsEFBd.

At the output of the acceleration structure, the electric
field is a superposition of two contributions: by virtue of
Maxwell’s equations, one is a linear function of the field at
the input and the second is the projection of the wake on the
fundamental(superscriptF) mode EW=2ksFdq. Obviously,

FIG. 5. Normalized field at the
input and output of the accelera-
tion structure for three values of
the group velocity. Ignoring
Ohmic and diffraction loss and
then subtracting the adequate de-
lay provides us with the informa-
tion regarding the laser field as
discussed in Sec. V.

FIG. 6. The maximum efficiency[Eq. (3.13)] in the case of a
macrobunch consisting ofM microbunches. When this number is
much larger than unity, the contribution of the high-frequency
modes to the wake is negligible and as a resultksMd /ksFd,1. Our
analysis indicates that in this case the peak efficiency is about 45%.

FIG. 7. Schematic of an acceleration structure that includes a
feedback loop.
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both waves occur at the output with a delay determined by
the length of the structure and the group velocity; moreover,
the coherent wake reduces the acceleration field. An addi-
tional contribution at the output is that of the high-frequency
modes(superscriptH) and it should be included in the over-
all energy balance since it has a significant effect on the
efficiency of the structure.

Without significant loss of generality alinear feedback
system is assumed to relate the input fieldsEFBd with that at
the output of the acceleration structure. It is characterized by
a delaystFBd in the feedback section, by an overall gainḡ
=ge−c consisting of the gainsgd of the active medium and a
loss parameterse−cd; the latter being related to the quality
factor of the system by 1−e−2c.1/Q. With these definitions
we may determine the equation describing the field dynamics
in terms of the output field

Eoutstd = ḡEoutst − Trrd + ELst − d/cbgrd − EW
sFdst − d/cbgrd;

s4.1d

Trr ;tFB+d/cbgr being the periodicity of the macrobunch
(inversely proportional to the repetition rate). For more de-
tails see Appendix C. Once this equation has been estab-
lished our goal is to determine the corresponding efficiency
of the system.

With this purpose in mind it is convenient to revert to the
pulse functionPst ,d/Vd defined in the context of Eq.(3.4)
representing anidealizedenvelope of the wake generated by
a single micro bunch moving with a velocityV.c and in-
jected in a structure. This pulse shape may be understood in
terms of the power generated by this microbunch: the latter
starts generatingČerenkov radiation as it enters the structure
st=0d and it ceases the emission as it leaves
st=d/Vd—transition radiation and reflections are ignored. In
addition, we disregard the higher eigenmodes excited in the
system. They decay on a time scale that is determined by the
overall quality factor of the system—in fact, it may be as-
sumed that this field is filtered out by the feedback system. In
terms of the pulse function introduced above, a typical solu-
tion has the form of an “infinite” series of pulses with peri-
odicity Trr , e.g.,

Eoutstd = o
n=0

`

En
soutdPst − nTrrd. s4.2d

In what follows we shall focus on one cycle, after all
transients associated with turning on the system have de-
cayed. A similar approach for evaluation of the efficiency as
in Sec. II is adopted. Clearly, the kinetic energy is the same,
but the injected energy has two contributions: theexternal
laser field

Ulaser=
l2EL

2

Zint
tEM s4.3d

and that of theactive medium

Uactive= sg2 − 1dUout =
l2sg2 − 1dsG0 − 2ksFdqd2

Zint
tEM

s4.4d

In equilibrium by virtue of energy conservation, these two
quantities balance the energy that leaves the system:Uloss
and DUkin; Uloss is the total energy “wasted” in the loop,
which is inversely proportional to the quality factor men-
tioned above, and proportional to the total energy in the loop
represented here by the energy at the output of the loop, i.e.,
Uloss.Uout/Q. With these observations the efficiency is de-
fined by

h =
DUkin

Ulaser+ Uactive
=

DUkin

DUkin + Uloss
=

1

1 + Uout/QDUkin
.

s4.5d

Substituting adequate definitions including Eqs.(2.5) and
(2.6), we obtain

h =
1

1 +
1

Q

1

kr4qsq0 − qd/sq0 − 2krqd2

. s4.6d

In the case of a single bunch the relative wake coefficient
kr =ksFd /k!1 is much smaller than unity; therefore, the ef-
ficiency may be simplified to read

h .
1

1 +
1

Q

1

kr4qsq0 − qd/q0
2

. s4.7d

It may be readily shown that the maximum efficiency occurs
for qopt=q0/2 and is given by

hmax.
1

1 + 1/Qkr
. H 1, Q → `,

kr , Q → 1,
s4.8d

revealing that the efficiency approaches the 100% limit if the
quality factor is sufficiently large, and it equals the efficiency
in Eq. (2.9) corresponding to lack of feedback. Two impor-
tant comments are in order at this stage. First, the number of
electrons that can be accelerated remains as in Sec. II—
which is rather low. Although some tradeoff is possible by
reducing the efficiency at the expense of increasing the total
amount of charge, still the latter is limited toq0=G0/k,
which in the case of one microbunch is minuscule. Second, it
has been tacitly assumed that the system has reached steady
state, implying that in any given cycle the energy from the
external laser and from the active medium exactly compen-
sate the energy lost to Ohmic processes or diffraction and
energy transferred to electrons.

ENERGY RECOVERY IN AN OPTICAL LINEAR COLLIDER PHYSICAL REVIEW E70, 016504(2004)

016504-7



V. MULTIPLE MICROBUNCHES AND FEEDBACK

Combining multiple microbunches and a feedback loop
will enable us to enhance both the efficiency as well as the
number of electrons to be accelerated. Subject to the condi-
tion d.Ml and a trapezoidal pulse(see Fig. 5) propagating
at the group velocity, then the gradient as experienced by a
test charge is

Einst,zd = Sa + b
t − z/Vgr

TM
DcosFv0St −

z

c
DGPSt −

z

Vgr
,tEMD

s5.1d

which is a homogeneous solution of the wave equation, con-
trary to the wake of the macrobunch, which is a nonhomo-
geneous solution,

Ewst,zd = − 2ksFdq
1

M o
m=1

M

PFt − tD −
z

c
−

l

c
sm− 1d,

d

c
G

3cosFv0St −
z

c
DG; s5.2d

the amplitudesa andb have been defined in Eq.(3.10).
As already indicated in Sec. III, with these field compo-

nents allM microbunches are equally accelerated and the
kinetic energy of the macrobunch isDUkin=qsG0−kqdd.
However, in contrast to the case when there is no feedback,
the form of the output signal becomes critical since it must
be self-consistent with the signal from the feedback loop and
the gain medium. Figure 5 illustrates this output signal for
three group velocitiesVgr=0.4c,0.5c,0.6c and a loading fac-
tora=ksFdq/G0.0.2. It is evident that the front of the pulse
at the output is constant for the time duration that electrons
traverse the interaction region. Beyond that period, the out-
put varies according to the injected input signal and the wake
of the microbunch.

Since it has been tacitly assumed that the active section
exactly compensates any radiation loss, subtracting the out-
put from the input(with adequate delay adjustment) provides
us with the exact shape of theexternallaser field necessary
to compensate the beam loading, i.e., the wake projection on
the fundamental mode. In all three cases illustrated in Fig. 5,
the external laser pulse has a triangular shape since the wake
itself has this form—after imposing the conditiond=Ml.
The time scale is normalized to the electromagnetic pulse
duration stEM=d/cbgrd and the length of the external laser
pulse is identical with that of the electronstlaser.2d/c. It
therefore becomes evident that asVgr=0.4c its normalized
length is shorter than that of the electromagnetic pulse, if
Vgr=0.5c it exactly equals it, and for the case whenVgr
=0.6c the wake duration(and thus the external laser pulse) is
longer than the accelerating electromagnetic field.

To maintain this self-consistent solution two equally im-
portant contributions are strictly necessary: first, the active
medium needs to exactly compensate all radiation loss and,
second, the external laser field needs to compensate the beam
loading. In principle, it is possible thatpart of the energy lost
to high-order modes or optical components will be compen-

sated by the external laser. This is easily accomplished if the
group velocity is designed to be exactlyVgr=0.5c since both
the external laser pulse and the accelerating electromagnetic
field have the same duration; otherwise, the form of the laser
pulse is difficult to implement since it is no longer triangular.
However, from the perspective of energy balance, it does not
matter what fraction of the energy is injected via the active
medium or the external field—in this context, we ignore
noise phenomena associated with spontaneous radiation in
the active medium or finite momentum spread of the elec-
trons.

Evaluation of the efficiency requires establishing the total
energy fed into the system during one cycle. Based on Fig. 5
we realize that the energy linked to theexternal laserfield is

Ulaser=
l2

Zint
2E

0

d/c

dtFsksFdqd
ct

d
G2

=
2

3

l2

Zint
sksFdqd2d

c
;

s5.3d

thus our next step for the evaluation of the efficiency is to
calculate the energy provided by theactive medium. At the
input of the active section the energy is assumed to equal the
energy at the output of the acceleration structure,Uout; there-
fore, denoting byg the gain of the active section at the fre-
quency of interest we get

Uactive= sg2 − 1dUout. s5.4d

Further assuming that the system has reached steady state,
these two energy contributions “injected” into the system
compensate for the energy that leaves the system, namely,
the net kinetic energy and energy wasted via Ohmic loss as
well as diffraction. These two last contributions are propor-
tional to the energy stored in the entire loop represented by
the energy at the output of the acceleration structure,Uout,
and inversely proportional to the effective quality factorQ of
the entire loop, or explicitlyUloss=Uout/Q. By virtue of en-
ergy conservationUlaser+Uactive=DUkin+Uloss; therefore we
may define the system’s efficiency as

h ;
DUkin

Ulaser+ Uactive
=

DUkin

DUkin + Uloss
=

1

1 + Uout/QDUkin
.

s5.5d

Based on the plot in Fig. 5 it can be shown that

LEVI SCHÄCHTER PHYSICAL REVIEW E70, 016504(2004)

016504-8



Ulaser=
l2

Zint

d

c

b2

6
,

Uout =
l2

Zint

d

c
3 5a2 1

bgr
+ abS 1

bgr
2 − 2D + b21

3
S 1

bgr
3 − 4D, bgr ø 0.5

a2 1

bgr
+ 2abS 1

bgr
− 1D2

+ b2S 1

bgr
3 −

2

bgr
2 +

4

3
D, bgr ù 0.5

s5.6d

leading to the following explicit expression for the efficiency:

h =5
1

1 +
1

Q

q

q0 − q

bgr

1 − bgr

ksFd

k
FSa

b
D2 1

bgr
+

a

b
S 1

bgr
2 − 2D +

1

3
S 1

bgr
3 − 4DG ,

bgr ø 0.5

1

1 +
1

Q

q

q0 − q

bgr

1 − bgr

ksFd

k
FSa

b
D2 1

bgr
+ 2Sa

b
DS 1

bgr
− 1D2

+ S 1

bgr
3 −

2

bgr
2 +

4

3
DG ,

bgr ù 0.5

s5.7d

According to this result the efficiency depends on four pa-
rameters: normalized chargesq/q0d, group velocity sbgrd,
relative wake coefficientskr =ksFd /kd, and quality factorsQd.
Figures 8 and 9 illustrate the main features of the efficiency
and its dependence on these parameters.

The left frame in Fig. 8 shows that larger quality factors
lead to higher efficiency and reduced sensitivity to variations
around the peak-efficiency. Even for a low quality factor the
maximum efficiency may reach the 40% level since the mac-
robunch is formed by a large number of microbunches—as
discussed in Sec. III. The direct impact of the relative wake
coefficient skr =ksFd /kd is illustrated in the middle frame
where it is assumed that the latter is not dependent on the
group velocity. We see rough indications that the maximum

efficiency is independent ofkr but its off-peak behavior
strongly depends on this parameter. Similar to the left frame,
as the wake parameter approaches unity, the sensitivity to
variations in the number of electrons accelerated diminishes;
the same holds for the case when the group velocity is one-
half c—see right frame.

Further support for these findings is revealed by Fig. 9. Its
left frame shows the maximum efficiency and the optimal
charge where it occurs, as a function of the group velocity.
For a large quality factor there are negligible variations in the
efficiency when the group velocity changess0.2øbgrø0.8d.
For all three casessQ=1,5,25d the optimal charge to be
accelerated is independent of the quality factor but it varies
significantly with the group velocity. The opposite holds

FIG. 8. Efficiency as a func-
tion of the accelerated charge with
the quality factor, wake parameter,
and group velocity as parameters.

FIG. 9. Maximum efficiency
and the optimal charge where it
occurs as a function of the group
velocity with the wake parameter
and the quality factor as
parameters.
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when the quality factor is kept constantsQ=5d and the nor-
malized wake parameter is taken to bekr =0.1,0.5,1.0.
Clearly, the maximum efficiency is independent of the latter
but the optimal charge to be accelerated varies significantly
as a function of the group velocity and the wake parameter. It
is important to point out that these results have to be consid-
ered only as a general trend since the assumption that the
group velocity and the wake parameter are independent is a
very stringent constraint. For a particular structure their in-
terrelation should be accounted for and, as a result, the exact
character of these plots may vary from one structure to an-
other. Nevertheless, it has been checked based on a simple
dielectric loaded structure that the general trend of an effi-
ciency approaching the 90% level can be validated assuming
a quality factor of 25 and a group velocity of 0.5c. Moreover,
compared to the case of a single bunch and no feedback, the
amount of charge can be up to ten times higher since the
wake parameterk can be significantly smaller in the case of
a large train of bunches—see Fig. 3.

VI. DISCUSSION

Using simplified models we have demonstrated that the
efficiency of a future optical collider may be enhanced from
a few percent, in the simplest configuration when a single
bunch is accelerated and the accelerating pulse is eventually
dumped, to over 90% when feedback and multiple mi-
crobunch schemes are employed. Table I summarizes the
main estimates of this study referring to four main param-
eters: efficiency, optimal charge where maximum efficiency
occurs, group velocity, and relative wake coefficientkr
=ksFd /k. It is shown that the last determines the efficiency in
the absence of feedback and when only a single microbunch
is accelerated—see Eq.(2.9). In this expression,k is the
wake coefficient which, given the charge of the bunch, de-
termines the overall decelerating field. In principle, this field
has an infinite spectrum but of special interest is the projec-
tion of this field on the fundamental mode—the one respon-
sible for the acceleration. The corresponding coefficient is

TABLE I. Main estimates of the study.

Single bunch

Without feedback With feedback

h=kr

4qsq−q0d

q0
2

h.
1

1+
1

Q

1

kr4qsq−q0d /q0
2

hmax=kr

qopt=
1

2
q0 hmax.

1

1+1/Qkr

qopt=
1

2
q0

Multiple bunches

Without feedback With feedback

h.
12s1−bgrdkrfqsq0−qdg

3fq0−q+qkrg2+fqkr /bgrg2
h=

1

1+
1

Q

q

q0−q

bgr

1−bgr
krFsq,bgr,kr ,q0d

hmax.12s1−bgrdbgr
2

js1−jd

j2+3bgr
2 ; kr .1

Fsq,bgr,kr ,q0d=hsa

bd2 1

bgr
+

a

bs 1

bgr
2 −2d+

1

3s 1

bgr
3 −4d bgrø0.5

sa

bd2 1

bgr
+2sa

bds 1

bgr
−1d2

+s 1

bgr
2 −

2

bgr
2 +

4

3d bgrù0.5j
qopt.jq0

j.3bgr
2 fÎ1+

1

3bgr
2 −1g a

b
=

kr

2qfq0−q−qkrs 1

bgr
−1dg
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denoted byksFd and the typical efficiency is 6%.
By splitting the same amount of charge into a train of

microbunches with a periodicity identical to that of the fun-
damental mode, it is possible to substantially enhance the
efficiency (45%) since the high-frequency content of the
wake is dramatically reduced by the “microstructure” of the
bunch. In parallel, the charge for which maximum efficiency
occurs is inversely proportional to the wake coefficient,
qopt~1/ksMd; therefore the amount of accelerated electrons
is higher. A direct by-product of splitting the bunch into a
train of microbunches is different loading along the mac-
robunch. For this reason, the accelerating gradient ought to
be taperedin order to compensate this space dependence of
the loading; otherwise, the kinetic energy gain along the
bunch will not be uniform. Another process that was taken
into consideration is related to the different propagation ve-
locities of the bunch and the wave in the structure. Specifi-
cally, since the wake propagates virtually at the speed of
light whereas the gradient’s envelope propagated atcbgr, it
was convenient to impose a constraint on the pulse duration,
namely, the macrobunch must beequal to the length of the
acceleration structureMl=d.

Recycling part of the electromagnetic energy leads to
much higher efficienciess,90%d in either of the cases:
single bunch or multiple bunches. However, while in the case
of a single bunch the optimal amount of charge that can be
accelerated is virtually identical to that in the absence of
feedback, in the case of a train of microbunches, the overall
charge can be significantly larger since the wake coefficient
is reducedsq0~1/kd. To a large extent, the efficiency is de-
termined by the quality factorsQd of the system; however, to
maintain this self-consistent solution two equally important
contributions are strictly necessary: first, the active medium
needs to exactly compensate all radiation loss and, second,
the external laser field needs to compensate for the beam
loading. As illustrated in Fig. 5, this is easily accomplished if
the group velocity is designed to be exactlyVgr=0.5c since
both the external laser pulse and the accelerating electromag-
netic field have the same duration, implying a triangular
shape for the external laser pulse.

Although the present analysis makes a clear distinction
between the energy provided by the active medium(ampli-
fier) and that supplied by the external laser, in practice, it
may be possible to provide all the energy by the external
laser. We believe that by incorporating the active medium in
the feedback loop we effectively produce a high-Q “cavity”
similar to a superconducting one; therefore, the analogy to
well-known systems becomes clearer. Moreover, the external
laser has to generate a pulse that is shaped to the require-
ments of the “eigenmode” of the system, namely, the feed-
back loop and electron pulse. On the other hand, in the am-
plifier, no such shaping is necessary, reducing significantly
the number of passive optic components involved and con-
sequently diminishing the overall radiation loss.

Contrary to the amplifier section whose energy contribu-
tion may be supplied by the external laser, the latter is irre-
placeable since beyond providing the necessary energy to
compensate for the beam loading effect it locks the phase of
the field in each acceleration module at the desired value.
This observation brings us to an additional tacit assumption

that needs to be reiterated. Our reference for the applied
energy was the energy provided by the active medium and
external laser. In either case we took the wall plug to light
efficiency as ideal(100%), which, as already indicated, is far
from being the case; however, we used that as our reference
level in this study. Any efficiency mentioned above, either
the one corresponding to the simple configuration in Sec. II
or the more complex one in Sec. V, ought to be multiplied by
the wall plug to light efficiency of the laser system regardless
if it operates as a source(external laser) or amplifier (active
medium).

Before we conclude it is important to address three more
topics: the first is the system’s stability, the second is the
feasibility of pulse tapering as required in the configurations
analyzed in Secs. III and V, and the third is accumulated
noise. For analyzing thestability of the system let us assume
a slight deviation in the energy stored in the loopdU. In
Secs. IV and V we used as reference for this quantity the
energy at the output of the acceleration structure,Uout, there-
fore let us assume

Uout→ Uout + dU s6.1d

In zero order, during one cycle of the systemsTrrd this
change does not affect the net kinetic energy gain or the
external laser pulse. As a result, this small variation is antici-
pated to “dissipate” according to

d

dt
dU =

1

Trr
sUlaser+ Uactive− DUkin − Ulossd

=
1

Trr
FUlaser+ sg2 − 1dsUout + dUd − DUkin

−
1

Q
sUout + dUdG

=
1

Trr
Fsg2 − 1ddU −

1

Q
dUG

=
1

Trr
Fg2 − 1 −

1

Q
GdU, s6.2d

where in the last step energy conservation,Ulaser+sg2

−1dUout=DUkin+UoutQ, was assumed. Consequently, to en-
sure stability, these fluctuation ought to decay during several
cycles; therefore, it is necessary to impose

g2 − 1 ,
1

Q
. s6.3d

Now a few comments on our tacit assumption regarding
pulse shapingof a picosecond long laser pulse as reflected in
Eq. (3.8). There is an extensive research effort in the world
with the sole purpose of shaping pico- or femtosecond laser
pulses[17]. A variety of methods are being used: starting
from fixed masks, through adaptive pulse shapes controlled
by a computer, including liquid crystal devices, acousto-optic
modulators, and ending with movable or deformable mirrors.
A short list of applications of picosecond and femtosecond
preshaped laser pulses is varied, including dark soliton ex-
periments in nonlinear optics[18] or ultrashort pulse com-
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munications based on spectral phase encoding and decoding,
where different users share a common fiber optic medium
based on the use of different spectral codes(code division
multiple access). In addition, it is possible to preshape a laser
pulse to compensate for dispersion along an optical fiber
[19]. The progress in this area indicates that the techniques
have matured during the past decade and there is no reason
to refrain from employing them within the framework of a
future optical collider.

Finally, on the issue of noise and instabilities in a system
with feedback: It is anticipated that the noise has three main
sources, the randomness associated with the distribution of
electrons, the external laser, and the active medium itself
since it generates spontaneous radiation. Conceptually, beam
break up(BBU) is not expected to be significantly different
in an optical structure than in a regular microwave accelera-
tor. On the one hand, in our favor is the fact that both pho-
tonic band-gap structures and symmetric Bragg fibers con-
fine fewer modes due to their geometric characteristics as
well as the frequency dependence of dielectrics in this fre-
quency range. Consequently, better control is anticipated on
the suppression of high-order modes. On the other hand, the
radius of the electron beam, relative to the operating wave-
length, is expected to be significantly larger comparing to
this ratio in a microwave accelerator—and this may lead to
enhanced sensitivity to BBU. The active medium as well as
the external laser contribute their share to the noise that ac-
cumulates in the ring. Like the efficiency, their relative con-
tribution will be determined to a large extent by the quality
factor, and the latter’s choice will eventually be a tradeoff
between high efficiency, stability[Eq. (6.3)], and acceptable
noise level that we may allow to develop in the loop.
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APPENDIX A

The purpose of this appendix is to demonstrate that the
condition for full overlap between the point charge and the
radiation pulse leads to Eq.(2.6). In the acceleration struc-
ture the radiation pulse propagates at a velocitycbgr whereas
the electrons propagate virtually atc. As the point charge
enters the acceleration structure, it encounters the field at the
back end of the radiation pulse—see left frame of Fig. 10

As the point charge enters the structures there are two
possibilities. On the one hand, if the radiation pulse is too
short, it may pass the front end of the radiation pulse which
obviously is undesirable since the point charge is not accel-
erated during all the time it spends in the structure. On the
other hand, if the radiation pulse is too long, there will be a
fraction of this pulse which will have no contribution to the
acceleration process in the structure. Again, this is undesir-
able since energy is wasted and the overall efficiency drops.
For these reasons, the pulse duration is taken such that the

point charge exactly overlaps the pulse in the acceleration
structure. Explicitly, it takes the point charge a timed/c to
traverse the structure. In a similar way, the length of the
pulse in the structure is given by its duration and its propa-
gation velocitytEMcbgr. With these observations, we realize
that the time it takes the front end of the radiation pulse to
reach the output end of the structure is given bysd
−tEMcbgrd /cbgr. Clearly, the overlap constraint imposed ear-
lier implies that this time ought to equal it takes the point
charge to traverse the structure, namely,

d

c
=

d − tEMcbgr

cbgr
⇒ tEM =

d

c
S 1

bgr
− 1D ,

which is exactly Eq.(2.6).
The delay timestDd between the front of the radiation

pulse and point charge must equal the duration of the pulse
subject to the assumption that the group velocity in the space
in front of the acceleration structure isc, namely,tD=tEM
(see Fig. 11).

APPENDIX B

In this appendix our goal is to demonstrate the power
spectrum dependence on the number of microbunches, as-

FIG. 10. As the point charge traverses the acceleration structure,
it must experience an electromagnetic field throughout the time it
spends in the structure.

FIG. 11. Outside the acceleration structure there is a delaystDd
between the point charge and the front end of the radiation pulse.
This delay exactly equals the pulse duration assuming that the
propagation is in vacuumsbgr=1d.
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suming that the overall charge in the macrobunch is main-
tained constant. The structure is assumed to be closed and
therefore the spectrum is discrete. Moreover, the structure is
designed such that the phase velocity of the first mode isc at
the operating wavelengthsl0d and, correspondingly, the lat-
ter is also the separation of any two microbunches.

Our starting point is the wake in a closed structure as
presented in Eq.(2.3), which for convenience is repeated
next:

Ezsr = 0,t ; t − z/cd = qko
n=1

`

Wn cossvntdf2hstdg.

Let us label byn each microbunch such thatn=1,2, . . . ,M.
Since the total emitted power is given byP=edvJzEz we can
explicitly find that this power is given by

P = kq2vo
n=1

`

Wn2KKcosFvn

v1
2psm − ndGhf2psm − ndgL

m
L

n

whereink¯ln;s1/Md o
n=1

M

¯. Using geometric series expan-

sion and taking into account the value of the step function at
zero, the double average may be shown to equal

KKcosFvn

v1
2psm − ndGhf2psm − ndgL

m
L

n

=
1

2

sinc2fpsvn/v1dMg
sinc2fpvn/v1g

and consequently

PsMd = kq2vo
n=1

`

Wn
sinc2fpsvn/v1dMg

sinc2fpvn/v1g

which for a relativistic particle is exactly the expression in
Eq. (3.1); here sincsxd;sinsxd /x.

APPENDIX C

Here we bring a detailed account of the arguments which
led to Eq.(4.1). At the output of the acceleration structure,
the electric field is a superposition of two contributions: by
virtue of Maxwell’s equations, one is a linear function of the
field at the input and the second is the projection of the wake
on the fundamental(superscriptF) modeEW=2ksFdq

Eoutstd =E
−`

`

dt8Lstut8dfEinst8d − EWst8dg;

note that it was explicitly assumed that the coherent wake
reduces the acceleration field. In a similar way we assume a
linear operator relating the field at the input with that at the
output of the accelerating structure, and in addition there is
the external laser fieldsELd injected into the system,

Einstd = ELstd +E
−`

`

dt8Gstut8dEoutst8d.

Without significant loss of generality, the linear operator rep-
resenting the propagation through the traveling wave struc-
ture (ignoring dispersion or radiation loss of any kind) is
given by Lst u t8d.dst8− t+d/cbgrd; the last termsd/cbgrd
represents the delay of the envelope of the pulse. In a similar
way, the operator representing the feedback loop includes the
feedback delaystFBd, the gain of the active mediumsgd, and
the overall loss in the entire loopse−cd; thus Gst u t8d
.ge−cdst8− t+tFBd. Consequently, the difference equation
for the amplitude at the output is

Eoutstd = ḡEoutst − Trrd + ELst − d/cbgrd − EWst − d/cbgrd;

here the overall gain is denoted byḡ=ge−c and Trr.tFB
+d/cbgr is the periodicity of the macrobunch(inversely pro-
portional to the repetition rate).
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